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ABSTRACT

For systems that are open-loop stable, there is a class of feedback controllers
that have the property that the closed Toop system is stable and remains stable
in case actuator outages occur. Properties of a special subclass of these

controllers are discussed. "1

9
NS 91 W97
20cZ0Yy
nsTy 7Te T
LL20305L PHOTCL ELECTE o
JUL 1 41980
A

cowl ,

pported by the Department of Energy under Contract
i J&[—ET 78-C-01-3391} The work was motivated by discussions with Mr. J.C. Doyle
concerning the integrity property of controllers that have gains which are
determined from Liapunov rather than Riccati et};\tions

Diur o

0D FILE.

t )




Page 1

INfRODUCTION: Consider the linear controllable system
x = Ax+Bu m

where A is stable, i.e., the eigenvalues of A have negative real parts. The
class of state feedback regulators of the form

u = -B'px (2)
where P satisfies the Liapunov equation
PA+ATP+Q=0, Q>0 (3)

with (A, Q&) observable are of special intereﬁt because the closed loop
systems with related regulators of the form

u = -LBPx, L = LT20 (4)

are stable. Such regulators may be considered to possess integrity with
respect to loss of imputs, that is, stability of the closed loop system {is
maintained when one or more inputs is set to zero. This situation of loss of
inputs can be represented by an admissible L in (4). For example, the loss
of the first input may be represented by taking L to be

-2

The class of regulators defined by (2) and (3) is a subset of the class of
optimal state feedback controllers. This fact and the proof of the stability
for regulators of the form (4) are given below, followed by other results aimed
at characterizing the class of regulators of interest.
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Optimality of Requlators given by (2), (3) and (4): The regulator given
by (2) and (3) is the optimal regulator for (1) with respect to the performance
index

J = f {x7(q + pBBTP)x + uTuldt (6)
0

for P satisfying (3) and A being stable, P > 0, so that Q + PBBTP > 0.
The optimal regulator for (1) with respect to (6) is given by

u = -BTax (7)

with P being the positive definite symmetric matrix solution to the Riccati
equation

PA+ ATP + q+ peB'P - PBBTP = 0 (8)

a ol
Thus, P = P, and the controls given by (2) and (7) are the same. Now consér the control
given by (3) and (4). If L > 0, this control is optimal with respect to the

performance jndex.

J =] {xT(q + PeLBTP) x + u'L-u)dt (9)
since the optimal control is given by

u=-(L"1)"1 8Tpx = -187Px - (10)

where 0 = PA + ATP + (q + PBLB'P) - PB(L™')"! 8"p
=PA+ATP + Q 1)

If L 1s singular, the control v = Tu is optimal with respect to
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for the system

X = Ax +BLTIV (13)
where TTT = F (the pseudo-inverse of L) (14)
since v = - (BLTT)T px (15)

PA + ATP + (Q + PBLB'P) - P(BLTT)(BLTT)TP
PA + ATp + q + PBLBTP - PBLTITLBTP
PA + AP + Q (16)

and 0

Thus, the closed loop system given by (13) and (15) is stable, f.e.

x= (A - BLTT(BLTT)TP)x
= (A - BLT'TLBTP)x
= [A + B(-LBTPJx (17)

is stable. But (17) is the same closed loop system as that obtained using the
control (4) in the system (1). This verifies the stability properties or
integrity property of regulators of the special class of regulators described

in the introduction.

Characterization of Regulators Defined by (2) and (3). A simple method of
characterizing such regulators is to relate their closed loop parameters

to the closed loop parameters of optimal linear regula}ors. This method can
be applied to second order systems with a single input, but appears to be
intractable for general systems. For the simple example with

0o 1 0
A = ’ B = s a>0,b>0 (18)
[-. -.,] [1 ]

*
Single input systems also demonstrate that the set of controllers defined by
(2) and (3) 1s a conservative estimate of the set of controllers with integrity
because all stabilizing controllers, for single input systems possess integrity
with respect to input’ outages.
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the closed loop characteristic polynomial is §2 + C‘i + cz. Consider the

two control laws, u defined by (2) and (3), and up defined by

ug -BTPRx (19)

with PR > 0 satisying the Riccati equation

T T
PRA + A'P, + Q, - P.BB'P, = 0 (20)
The corresponding coefficients in the closed loop characteristic polynomial

are:

CIL =b + (q22/2b) + (q]]/2ab), sz =3+ (q]]/2a) (21)

= 2 - ;5 = ’ :
CIR [b" + Qop * 2(Ja° + 1R al®, Cor J ai * Q0 (22) ]

The sets of possible coefficients for these two control laws may be dépicted
in the (c].cz) plane as shown in Figure 1. The set for u is a subset of the
set for Up: The lower boundaries of these two sets coincide (the line
segment Cz = a, C‘2> b)é The upper boundary for the ug set is the segment
of the parabola cl =b + 2(Cz-a) with G > b. The upper boundary for the
u set is the 1ine segment, b(cl -b) = C, -2, ¢ b which is tangent to
the upper boundary of the Up set.

Iy
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FIGURE 1. Possible Closed Loop Characteristic
Polynomial Coefficients
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The sets of possible closed loop roots may also be determined for this example.
Figure 2 shows these sets for the case of 2 = b = 2. The negative real

axis is contained in the possible sets for both uLand Up- The remaining

set of possible roots for u is a small subset of the set of possible roots for
Up. Although these results appear to be impossible to generalize, let us
notean interpretation of the sets of possible roots in this example that may

be generalized. If we introduce

Im(s)
A

Boundary
for up
Boundaries
"”,—fbr UR and u
Boundary for
ul .
Re(s)
—>

Boundary 4
for UR -

FIGURE 2. Possible Closed Loop Roots

a positive scalar parameter a in the matrices Q and QR’ say Q = nn and
Q = aQg and consider the loci of closed loop roots as a tends to infinity,
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these loci tend to zeros associated with a and aR' For this example there {s

at most one such zero and it must be real and negative. In the optimal case,

the zero 1s a transmission zero associated with QR and 1ts magnitude is arbitrary.
In the case where u is obtained via (2) and (3) the magnitude of the zero
associated with Q is restricted to be less than b.

-

In this example the root locus of interest is the locus of roots of the polynomfial
p(sso) = s + 2[b + (af22b)(ay, + 83,,)] + 2 + (a/22) gy (23)

As = tends to infinity, the polynomial may be factored as
Plsia) = [s + 8Qy/ (@) +ad5) + 0a™')][s + (a/2ab) 3y *ad,p) + O(V)]  (28)

so that one root tends to -ba]]/(a‘]+aazz) > - b and the other root tends
to infinity.

Let us now return to the general case for the system (1) and introduce the
parameter, a, fnto the control law, i.e.

u=-aBPx (25)

with P given by (3} Such a system may be characterized by asymptotic properties
as the parameter, a, tends to infinity. The return difference matrix is

I(s) = I+aB'P(sI-A)" '8 (26)
Algebraic manipulation leads to the result that

TT(-s) T(s) = I + aBT(-s1-AT) Tq(s1-A)"'B
+ o BT (-s1-AT)"" pes'p(s1-A)"T8 (27
)

Let the dimension of x be n and the dimension of u be m. For simplicity,

Jet us assume that BTPB has full rank. A generalization to the case in which
the rank of BTPB 1s less than m is of interest but is also somewhat more
complicated. If we let s = ac in (27) and let a tend to infinity, we obtain

R

¢
i
¢
G
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fT(«ms) T(ao)1 - oV o2 BYQB - o 2B'pBBTPB (28)
+a~2 [621 - 87peBTPB]

We also note that

dcl=5)oc(s) = ag(=s) agls) det [T'(-s) T(s)] (29)

where ¢c(s) denotes the closed loop characteristic polynomial and ¢ _(s)
denotes the open loop characteristic polynomial. Since the closed ?oop
system 1s stable for all a > 0, we can deduce from (28) and (29) that
m closed Toop poles tend to infinity and are asymptotic to

2 = - (8PEB'PB), 1=1,2,....m (30)

= a2, (87PB), i=1,2,....m

where )(A) denotes an eigenvalue of the matrix A. The remaining n-m closed loop
poles approach finite values which are the left half plane images of the zeros
of the determinant of BTP(sI-A)']B. Denote these left half plane finite zeros

by s?. i=1,2,...,n-m. The eigenvectors associated with the finite zeros are
orthogonal to BTP and are given by

X = (s? 1-A)" B;:? , 151,2,....n-m (31)
with the u? determined by
BTP(s? 1-A)" 8 u? = 0, 151,2,...,0-m (32)

The efgenvectors assocfated with the asymptotically infinite eigenvalues are
given by

X, =B W, 1=1,2,....m (33)

) . —— m...............I....||||iil
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with il: determined by
xi(sTPB)u“; = 8798 5, 1=1,2,...m (34)

These results are similar to those obtained for optimal r'egulan:or's."'r

For the optimal regulator, however, the asymptotic eigenvalues and eigenvectors
are related to the weighting matrices QR and RR' Here, unfortunately the
relation is to P which is in turn related to Q, but a direct relationship

to Q is not available.

In the special case for which BT = [0 B.{] with B] an mxm nonsingular matrix,

which would be the common representation for systems with actuator dynamics,
we can proceed one step further. In this case, let v"l" = Blu';'. Then from

(33)
X [g ] W =[°“], i=1,2,...,m (35)
1 Vi

and from (34)
A® = -B,(87PB) B,V v® = -B.87 P, v7, 1=1,2,...,m (36)
iV 1 1 Vi 181 Pg vi» 1=1:2,..0s

where P, is the Jower right mam block of P. If we set N = [vj,vz....ovp) and A .
= dfag (l“;), then (36) may be written as

T

Thus,
Py = -(s]alf)"mu" .(38)

and the fact that P4 is symmetric implies constraints on N and A, which may be
interpreted as constraints on actuator couplings and relative bandwidths.

*"Quadratic Weights for Asymptotic Regulator Properties®, ‘C.A. Harvey, 6. Stein,
IEEE Trans. on Auto. Control, Vol. AC-23, June 1978.
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The fact that the finite zero, s?. was constrained in the simple example is
a property that is common to the general case. Adding ngP to both
sides of equation (3) and rearranging yields

P(s31-A) + (sgl-A)Tp = Q + 253 (39)

-]
Multiplying equation (39) on the right by v? = (s?I-A) i Bﬁ: and on the left

by (v))T ylelds

2(u?)TBTP vg = (v‘i’)T (Q + Zs?P)v? (40)

But, BIP VO = BTP(s31-A)1 8,9 = 0 from (32), so that

i
wh' v

0
-8 =2 __ 1 (41)
1 2(v‘i’)T X
and it follows that
0 g
Isfl < a(p (42)

where g(Q) 1s the largest singular value of Q and g(P) fs the smallest singular
value of P. Thus, (42), shows that the magnitudes of the finite zeros are bounded,
but the bound involves P and Q. Since P is a function of A and Q, the bound is

an implicit function of A and Q. Unfortunately, the explicit dependence is not
evident.

An alternate characterization of controllers defined by (2) and (3) can be derived
by considering the optimal controllers for (1) with respect to the performance.
index

J= j; (sxTQx + uTu)dt (43)
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with 8 a small positive scalar parameter. 1In this case the optimal controller 3
- 1
can be represented as 1
u=-8"($ ' Pyx (44) |
i i=0
where
(F. B'P) A+ A(S i . i T
| % o 8'P) + 80 = (6l P BB 8'p,) (45)

Equating terms of 1ike powers of B in equation (45) yields

To = T ,
ot A Po Po BB Po (45a)

T - T
P1A+AP.|+Q POBBP]

4

TR

T
+P.BB Po (45b)

etc.

With A being a stable matrix, P0 = 0, so that the right hand side of (45b)

is zero. Thus, the equation for Py is the same as equation (3), and controllers
defined by (2) and (3) may be viewed 3 multiples of first order approximation
to optimal controllers, i.e. ;

O R W e T

. T TlHm .1 < i
u=-8Px = -B' o0 [ %BPi]x (46)

Another way of describing this characterization is to consider the controlier
given by (2) and (3) with Q in (3) replaced by gQ. Then this controller is the
first order approximation to the controller given by (44) as g tends to zero.
y This implies that the closed loop root loci (parameterfzed with 8) associated
with-tiese controllers are tangent at g= 0 whidh corresponds to the open Toop
roots.




